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Abstract
We consider periodic arrangements of metal nanostructures and study the effect
of periodicity on the localised surface plasmon resonance of the structures within an
electrostatic eigenmode approximation. We show that within this limit, the collective
surface plasmon resonances of the periodic structures can be expressed in terms of
superpositions of the eigenmodes of uncoupled nanostructures that exhibit a standing–
wave character delocalised across the entire periodic structure. The formalism derived
successfully enables the design and accounts for the observation of plasmonic edge-
states in periodic structures.
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1 Introduction
Metal nanostructures can support light–driven coherent oscillations of electrons known as
localised surface plasmon resonances. The frequency of these resonances is largely controlled
by the geometry of the nanostructure, and by the chemical composition of both the metal
and that of its immediate surrounding. When these nanostructures are in close proximity
to each other, plasmon hybridisation 1 can take place, leading to modifications of the optical
properties of the nanostructures which result from the influence on the electron oscillations
of the evanescent fields from neighbouring elements. This plasmon hybridization has been
shown to lead to many interesting phenomena such as plasmonic analogues of Electromagnet-
ically Induced Transparency2 and Fano resonances,3–5 which in turn have seen applications
in optical data processing,6 and sensing.4
When these plasmonic structures are arranged periodically in space, interesting effects
arise due to excitation of extended modes involving the entire lattice.7 These periodic ar-
rangements of metal nanostructures connect plasmonics to the realm of metamaterials, which
to date have been shown to lead to novel phenomena such as negative refractive index,8 the
prospect of optical cloaking devices,9 perfect absorption,10,11 mathematical operations with
light,12 and super lensing.13 The design of optical metamaterials is often complex, requiring
numerical solutions to Maxwell equations, or the use of genetic algorithms that target the
design towards a specific application.14
One of the simplest periodic arrangements consists of linear chains of plasmonic nanopar-
ticles,15–18 a geometry that has been proposed to operate as optical waveguides.16 For specific
spatial configurations, one–dimensional particle chains can exhibit plasmonic edge states 19–23
characterised by significant concentration of electromagnetic energy density in one of the
ends of the chain. These states have been studied theoretically19,21,23 and have been exper-
imentally demonstrated to take place for zigzag chains of gold nanodisks using near–field
microscopy.20 Structures exhibiting these states have also been theorised to exhibit inter-
esting non–trivial topological properties19,21 and can therefore serve as building blocks for
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topological photonics.24
Here we present a simple nearest–neighbour approximation to describe the collective
surface plasmon eigenmodes of periodic arrangements of metal nanostructures, with an em-
phasis on nanoparticle chains. The theoretical model is based on a formulation of Maxwell
equations in terms of optical near fields,25 wherein the optical response of metal nanoparti-
cles is described in terms of self–sustained oscillations of conduction band electrons, termed
surface plasmon eigenmodes. The paper is organised as follows: in section 2 we introduce the
general elements of the theory and in particular the implications of translation invariance in
the description of surface plasmon eigenmodes. The general results of this section are later
applied to specific cases in section 3 where the near–neighbour approximation is introduced,
and in section 4, we illustrate how the developed formalism enables the design of structures
that exhibit plasmonic edge states, and we furthermore present an experimental realisation
of these kinds of structures. This is later followed by a discussion of the results and of the
limitations of the theory.
2 Electrostatic Approximation
The aim of this section is to present an analysis of systems of coupled metal nanoparticles
within the electrostatic limit, that is, when the sizes of the nanostructures are much smaller
than the wavelength of light. In this limit the coupling between nanoparticles arises from
the electric near-fields of the localised surface plasmons. In particular, we resort to the
electrostatic eigenmode method (EEM),25,26 which enables an analytical description of the
optical response of a collection of nanoparticles in terms of their mutual interactions.27,28
When we consider periodic arrangements of nanoparticles, we can apply methods similar to
those used in the tight–binding approximation in solid state physics29 in which the response
of electrons in an ionic lattice is represented as a linear combination of the orbitals of the
individual atoms, a good basis set to represent the electronic states in a crystal. In our case
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we use the surface charges of the localised surface plasmon resonances that play a similar
role to the localised atomic orbitals, and we impose the periodic conditions on their linear
combinations which is equivalent to the formation of Bloch waves. As we show below, it is
the phase of these Bloch waves and the boundary condition imposed on it that determines
the properties of the plasmonic lattice and leads to the edge states.
Within the electrostatic approximation,26,27 the surface plasmon resonances of nanopar-
ticles are described in terms of surface charge distributions σα,j(r) (and surface dipole distri-
butions τα,j(r), both forming a bi-orthogonal set, each distribution is indexed with j), cor-
responding to self–sustained oscillations of conduction band electrons in the surface points
r of the specified geometry of the particle. For an arbitrary ensemble of N nanoparticles
(particle number indexed with Greek letter α) embedded in an uniform dielectric medium,
the collective surface plasmon eigenmodes, are in turn described with surface charge distri-
butions [denoted with Σ(r)], which can be written as a superposition of the eigenmodes of
each particle of the ensemble:
Σ(r) =
∑
α,j
cα,j σα,j(r), (1)
where each coefficient cα,j describes the contribution of the localised surface plasmon reso-
nance j of particle α to the total collective mode of the ensemble.
This collective charge distribution satisfies an eigenvalue equation:30,31
Σn(r) =
Λn
2pi
∮
nˆ · (r− r
′)
|r− r′|3 Σn(r
′) dS ′, (2)
where nˆ is a normal vector pointing outwards on a point r of the surface S of the nanos-
tructures. This equation is simply the surface charge induced by the electric fields from
all the nanoparticles, as derived from Coulomb’s law. The eigenvalues Λn are related to
the resonance wavelength (frequency) of the surface plasmon modes of the coupled metal
nanoparticles:
Λn =
M(λn)− b
M(λn) + b
, (3)
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here, λn is the wavelength of the surface plasmon resonance, M(λn) is the (wavelength
dependent and complex) permittivity of the metal and b that of the (uniform) background
medium. The relationship is understood to be valid only for the real part of the right–hand
side of the equation.
Go´mez et al. 32 have previously shown that the eigenvalue equation (2) for a system of
interacting particles can be written in terms of the non–interacting constituents, a procedure
that results in an eigenvalue equation for the coefficients c in equation (1):32
K · c = 2pi
Λ
c, (4)
where the off–diagonal elements of the matrix K describe the near–field electrostatic inter-
actions between the particles, terms which depend on their separation distance and relative
orientations. The diagonal elements are in turn given by the eigenmodes of the uncoupled
particles. It was also shown that for geometrically symmetric arrangements of nanoparticles,
the collective surface plasmon eigenmodes are simultaneously eigenvectors of equation (4)
and of the symmetry operators that belong to the point group of the interacting ensemble.
For periodic arrangements of metal nanostructures, it is expected that K will be invariant
with respect to translations by integer multiples n of the lattice constant R: K(r) = K(r +
nR). If we define a translation operator TR, such that its action on a vector f is: TRf(r) =
f(r+R), it is then straightforward to show that K and TR commute and consequently posses
a common set of eigenvectors:29 these are the collective surface plasmon eigenmodes that we
set out to describe in this paper. These collective surface plasmon eigenmodes can be written,
in a similar fashion to equation (1), in terms of particle–centred eigenmodes of the uncoupled
members of the periodic structure: σ(r −Rs), where Rs is the location of the s–th lattice
point. Given the periodic nature of the arrangement, a translation by an integer multiple n
of the lattice constant R leaves σ(r−Rs) unchanged, namely: σ(r−Rs +nR) = σ(r−Rs).
The collective eigenmode may however differ by a phase factor F for a translation by one
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equivalent point in the lattice, that is: Σ(r + nR) = F nΣ(r). The exact form of the phase
factor depends on the boundary conditions required to describe the periodic structure, as
we now proceed to discuss.
2.1 Finite structures
We consider periodic structures composed of a finite set of N identical unit cells. Strictly, a
finite set of equally–spaced nanostructures is not fully invariant with respect to an arbitrary
number of translations. However, this class of structures shows many kinds of interesting
collective effects. For this kind of periodic structure, it is reasonable to expand the collective
surface plasmon eigenmodes in terms of unit–cell centred eigenmodes, which by definition,
are invariant with respect to a translation by an integer multiple n of the lattice constant R:
σ(r−Rs) = σ(r−nRs). Consequently, a translation operation leads only to a phase shift F of
the collective surface plasmon eigenmode: Σ(r+nR) = F nΣ(r), with the obvious constraint
that n ∈ [1, N ]. Due to the finite extent of the periodic structure, a translation by N + 1
multiples of the lattice constant is expected to result in: Σ(r + (N + 1)R) = FN+1Σ(r) = 0,
and this imposes limitations on the form of the phase factor F , which takes on forms akin
to standing–waves.
2.2 Interaction with light
Following Mayergoyz et al. 33 , we consider an incident electric field characterised by a wavevec-
tor k and a frequency ω given by: En exp(iωt + ik · rn), which on a single nanostructure
(located at position rn), excites a surface charge distribution σ(r) that is a superposition
of its electrostatic eigenmodes σn(r): σ(r) =
∑
n an(ω)σn(rn), where the coefficients an(ω)
of this expansion, termed the excitation amplitudes ,25 are proportional to the dipole mo-
ment of the eigenmode pn, and the polarizability per unit volume of the particles f(ω) (i.e.
an(ω) ≈ f(ω)pn · En exp(ik · rn)).
In the interacting ensemble, the inter–particle interactions modify these excitation am-
6
plitudes, and it can be shown that the resulting excitation amplitudes a˜, can be written in
terms of those corresponding to the non–interacting ones a according to:
a˜ = c−T · (fΛ)−1c · a, (5)
where Λ is a (diagonal) matrix of the eigenvalues of equation (4).
In the following sections we illustrate the application of the simple analysis presented thus
far by finding solutions to the electrostatic model for cases where the metal nanoparticles
are arranged periodically, under a near–neighbour interaction approximation.
3 Near-neighbour approximation
In the following, for the sake of simplicity (and without loss of generality), we consider
only the interaction among single eigenmodes per particle on the periodic structures. In
reality, the near–field interaction may involve mixing of more than one eigenmode, a case
particularly important for structures supporting degenerate eigenmodes. However, for the
case of nanorods of sufficiently large aspect ratios, the single mode approximation is valid
because these structures support a strong dipole surface plasmon resonance with a frequency
well–separated from those corresponding to higher–order modes.
3.1 1D chains
We consider nanoparticle chains such as the one shown in the diagram of Figure 1, which
are characterised by an inter–particle separation distance R. For chains of finite extent,
the collective surface plasmon eigenmode is written as a superposition of particle–centred
eigenmodes: Σ(r) =
∑
n cnσ(r − Rn), where the sum is carried out for particles n = 1 to
n = N and the lattice points Rn are equidistant in one–dimension (i.e. Rn+1 − Rn = R).
With this superposition, and within the nearest–neighbour approximation, equation (4) leads
7
Figure 1: Linear chain of nanorods: the diagram shows a set of metal nanorods aligned
head to tail with a constant separation distance R. The inset (A) shows the dispersion
relation for the eigenvalues of the chain as given by equation (8). The dotted and dashed
lines correspond to the bright (dotted) and dark (dashed) modes of a dimer, for which the
charge distributions are represented.
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to the following recursion relation for the set of coefficients cn (section S1 shows a next–near–
neighbour correction to this approximation):
2pi
Λk
cn = cn
2pi
γ
+K (cn−1 + cn+1) , (6)
where K is the near-neighbour coupling constant, and given the inversion symmetry of the
chain, K(R) = K(−R) = K. The finite extent of the chain introduces the requirement that
c0 = cN+1 = 0, the boundary condition of the problem
The most general solution to the recursion relation which satisfies the boundary con-
ditions is of the form:34 cn = b(k)
(
einkR − e−inkR) = 2b(k) sin(nkR), directly identifying
the phase factor F [F = 2 sin(nkR), b(k) is a constant that depends on the wavevector k
only]discussed in section 2.1. The boundary conditions of the problem then lead to a discrete
set of allowed values for the collective surface plasmon wavevector:
k =
mpi
(N + 1)R
, (7)
with m = 1, 2, . . . , N . For each wavevector, there is an associated eigenvalue given by:
2pi
Λk
=
2pi
γ
+ 2K cos(kR). (8)
For large values of N , the allowed values of k are closely spaced leading to the eigenvalue
dispersion relation plotted in figure 1.
For a nanorod dimer, considering only the dipole eigenmode of each rod and for suffi-
ciently large values of R, the inter–particle interaction is dominated by dipole–dipole cou-
pling27 for which it can be shown that K > 0. The electrostatic interaction in a dimer
configuration gives rise to two collective eigenmodes whose eigenvalues Λ are given by27
2pi/Λ = 2pi/γ ±K [represented with dotted horizontal lines in figure 1(A)], where the bright
mode is associated with the + sign, corresponds to a situation where the dipoles are point-
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ing in the same direction [see inset of figure 1(A)] and takes place at wavelengths which
are red–shifted from that of the resonance of a single rod [i.e. Λ < γ, top dashed line in
figure 1(A)]. The dark mode is associated with the − sign, corresponds to the case when
the dipoles in the dimer point in opposite directions and occurs at blue–shifted wavelengths
[i.e. Λ > γ, bottom dashed line in figure 1(A)]. By direct comparison with the result ex-
pressed by equation (8), it can be seen that the effects of 1D periodicity on the eigenvalues
are: (i) the collective eigenvalues become a function of the wavevector k of the collective
surface plasmon eigenmode, leading to the dispersion curve shown in figure 1(A), where the
lowest–in–energy collective surface plasmon eigenmode has an associated eigenvector given
by 2pi/Λ = 2pi/γ+2K (ii) the lowest–in–energy collective surface plasmon eigenmode has an
associated wavevector that asymptotes k = 0 for increasing values of N . These low–valued
k states physically represent highly delocalised excitations of the chain where all the dipoles
point in one direction: a collective bright mode. The total dipole moment of this mode is
the largest allowed for the 1D chain and consequently, the interaction of the chain with light
will be dominated by this delocalised plasmon eigenmode.
According to these results, the lowest energy eigenvalue for an N–member chain is given
by: 1
ΛN
= 1
γ
+ K
pi
cos
(
pi
N+1
)
, and interestingly, this result predicts that in the limit where N
approaches infinity, the resonance frequency (wavelength) of the collective surface plasmon
eigenmode reaches an asymptotic value that is only controlled by: the geometry of the
individual particles (through γ), the magnitude of the near–neighbour coupling constant K,
the dielectric constant of the uniform surrounding medium. These predictions have been
corroborated experimentally.35
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Figure 2: Eigenmodes of a chain with N=3 particles. The diagram illustrates the collective
surface charge distributions (eigenmodes) given by equation (9). Each eigenmode has an
associated wavevector k which determines the standing–wave–like modulation (shown with
solid blue lines) discussed in the text.
3.1.1 Application to N = 3
For a simple case consisting of 3 particles, equation (8) gives the following surface plasmon
mode eigenvalues and wavevectors:
2pi
Λk
=

2pi
γ
+ 2K/
√
2 k = pi
4R
,
2pi
γ
k = 2pi
4R
,
2pi
γ
− 2K/√2 k = 3pi
4R
,
with associated collective surface plasmon eigenvectors:
Σk(r) =

σ(r−R1) +
√
2σ(r−R2) + σ(r−R3) k = pi4R ,
σ(r−R1)− σ(r−R3) k = 2pi4R ,
σ(r−R1)−
√
2σ(r−R2) + σ(r−R3) k = 3pi4R ,
(9)
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which are represented in the diagram of figure 2.
The eigenmode associated with k = pi/4R corresponds to a situation where all dipoles
in the chain are oriented in the same direction (figure 2), resulting in a net dipole moment
(bright mode).36 This collective surface plasmon resonance takes place at wavelengths red–
shifted from that of the uncoupled nanorods (Λk < γ), with a redshift which has been shown
to increase with the number of particles in the chain.35 Furthermore, the total dipole moment
of this collective mode is larger than the simple arithmetic addition of the momenta of each
particle (plasmonic super–radiance).
In general, when the chain is made up of an odd number of elements, that is when
N = 2j + 1 (j = 1, 2, ..), there is always a “zero eigenvalue” 1/Γk = 1/γ, which is identical
to that of the single particle (more details in section S2). This eigenvalue has an associated
eigenvector given by a recurrence relation: cn−1 = −cn+1, resulting in states of the form
(1, 0,−1, 0, 1, 0,−1, ..), where the notation is meant to represent the coefficients of the su-
perpositions of particle–centred eigenmodes. For the trimer of figure 2, this state is the one
associated with k = 2pi/4R. These states are important for the discussion of plasmonic edge
states that we present later on.
3.2 Finite chain of dimers: Lattice with a two particle basis
We now consider the case depicted in Figure 3 consisting of a linear chain of particle pairs.
Within each unit cell there is a particle pair with inter–particle separation distance d. These
particles experience a near–field interaction quantified by a coupling constant βD, which is
stronger than the interaction βS across adjacent pairs (i.e. βD > βS) due to the fact that the
next pair is assumed to be located at a distance D with D > d. In this spatial arrangement,
the collective surface plasmon eigenmode of the chain is written as the following superposition
of pairs:
Σk(r) =
N∑
n=1
(anσ(r−Rn) + bnσ(r−Rn − d)) , (10)
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Figure 3: Chain of dimers. The diagram shows an infinite chain of dimer characterised by a
dimer gap distance of d and a period of D. The figure also shows the predicted dispersion
curve for the allowed eigenvalues of the collective modes for a particular case where βD = 2βS.
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where N is the number of pairs in the chain. Considering only near–neighbour interactions,
equation (2) takes on the following general form:

0 βD 0 · · · 0
βD 0 βS
0 βS 0 βD
... βD 0
0
. . .

·

a1
b1
...
bN

= (
2pi
Λk
− 2pi
γ
)

a1
b1
...
bN

, (11)
where βD is the coupling constant between dimers and βS the coupling constant between the
closest members of successive pairs. These equations correspond to the eigenvalue problem
of a tridiagonal 2–Toeplitz matrix,37 for which the eigenvalues and eigenvectors have closed
analytical form only for a particular set of conditions.38
Gover 37 and Coulson 38 have demonstrated that for an even number of diagonal elements,
the eigenvalues of this problem are given by:
2pi
Λ
=
2pi
γ
±
√
β2S + β
2
D + 2βSβDQr, (12)
where Qr are the zeros of a three point Chebyshev polynomial recurrence formula given in
equation (2.31) of Gover 37 .
Interestingly, for the case when these 2-Toeplitz matrices have an odd number of diagonal
elements, Gover 37 shows that there is always one eigenvalue given by 1/Λ = 1/γ. For these
eigenvalues, it is straightforward to show that the coefficients of the eigenvectors, which
satisfy the boundary conditions required for the finite extent of the chain, are simply given
by:
Σ0(r) ∝
(
1, 0,−βD
βS
, 0,
(
−βD
βS
)2
, 0, . . . , 0,
(
−βD
βS
)n)
, (13)
which are collective eigenmodes that exhibit localisation towards one end of the chain, a so
called plasmonic edge–state.19–22,39,40
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The remaining n = N − 1 eigenvalues for an odd–numbered chain of particle pairs are in
turn given by:
2pi
Λ
=
2pi
γ
±
√
β2S + β
2
D + 2βSβD cos
(
2pi
n+ 1
r
)
, (14)
where r = 1, 2, .., (N − 1)/2.
4 Plasmonic edge states: Application of the formalism
to the case of N=5
(A) (B)
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Figure 4: Collective plasmonic eigenmodes of nanoparticle chains. (A) A chain of 5 nanopar-
ticles is characterised by two inter–particle spacings d and D. Oblique illumination of this
structure (represented with arrows), creates a phase difference δ in the excitation of each
member of the chain. The surface charge distributions corresponding to the collective eigen-
mode with eigenvalue 1/Λ = 1/γ are shown for the cases when: (i) D = d and for (ii)
D 6= d which exhibits a plasmonic edge state. (B) Total dipole moment p of the chain for
the eigenmodes for the case when βD = 2βS expressed in units of p the dipole moment of
a single nanorod. (C) Calculated squared magnitude of the total dipole moment of a single
nanorod and nanorod chains for three phase differences ∆ indicated.
We now illustrate the above derivations for a specific example consisting of a chain of
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5 identical nanoparticles as shown in figure 4(A), which can be thought of as a chain of
dimers with an added particle at one end. For this configuration, there are five eigenvalues:
four of these are given by equation (14) and, following our discussion above, the remaining
eigenvalue is simply: 1/Λ5 = 1/γ. The normalised eigenmode associated with the eigenvalue
Λ5 is given by:
σΛ5(r) =
(
1, 0,−βD/βS, 0, (−βD/βS)2
)
√
1 + (βS/βD)2 + (βS/βD)4
. (15)
When βD > βS, this collective surface plasmon eigenmode exhibits greater localisation of
surface charges on the fifth particle of the chain at a frequency which corresponds to that of
the isolated particle, see figure 4(A) (case ii). In the figure, it is also shown that when D = d
(the simple one–dimensional chain), there is no edge–state, since in this case βD = βS, and
the analysis follows the one presented in section 2.1.
In figure 4(B) we show the value of the total dipole moment p of each of the eigenmodes of
the chain (p =
∑
cnpn = p
∑
cn). Two of these eigenmodes have a net zero dipole moment,
and interestingly, the plasmonic edge–state (the eigenmode with eigenvalue Λ5) has a net
dipole moment that is larger than that of a single, non–interacting nanorod.
For this structure, equation (5) describes its interaction with light. Following the analysis
of Eftekhari et al. 41 , and assuming that the optical phase difference ∆ [figure 4(A)] between
each dimer is much smaller than the phase difference across dimers, the calculated excitation
amplitudes a˜ allow for an estimation of the scattering spectrum of the chain, which is in turn
proportional to the squared modulus of the total light–induced dipole moment (see also the
supporting information). This quantity is shown in figure 4(C) as a function of a normalised
frequency difference and phase difference (∆). Figure 4(C) shows that when the structures
are illuminated in phase with each other (i.e. ∆ = 0, normal incidence), the spectrum for the
equally–spaced chains (orange line) is dominated by a spectral band that is red–shifted from
that of the single nanorod [located at ω = ω0]. For the chain of dimers with the additional
particle (green line), the spectrum also shows a strong band that is also red–shifted with
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respect to the single nanorod, but it also develops a band at zero detuning [i.e. ω = ω0],
which corresponds to the excitation of the plasmonic edge eigenmode (the eigenmode with
eigenvalue Λ5). The relative contribution of these two bands to the spectrum is sensitive to
illumination phase differences as shown in the panels of figure 4(C) (and also in figure S2).
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Figure 5: Dark–field scattering spectra of: (i) a single Au nanorod of lateral dimensions
100 nm x 40 nm (30 nm height), (ii) a chain of N = 5 nanorods equally spaced (d = D),
and (iii) a chain with d 6= D. The inset shows SEMs of each structure, where the scale bar
corresponds to 100 nm. d ≈ 20 nm, D ≈ 48 nm. In all cases, the substrate was glass.
Figure 5 shows experimental dark–field scattering spectra measured for a single Au
nanorod, a chain of equally–spaced nanorods and a chain containing two dimers and an
additional nanorod. In agreement with the predictions of the theory presented in figure
4(C), the scattering spectrum for the equally spaced chain of particles (d = D) consists of a
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single band that is red–shifted and broadened with respect to that corresponding to a single
nanorod (the unit cell). For the non–equally spaced chain (d 6= D), the spectrum has a
strong component at the wavelength of the single nanorod. The experimentally measured
spectra were acquired by illuminating the structures with a hollow cone of light with a finite
spread of angles of incidence excluding the normal. According to the predictions of figure
4(C) (and figure S2), this illumination condition implies that the resulting spectrum will
have a strong contribution from the plasmonic edge state (which occurs at the frequency of
the single nanorod). This prediction has been confirmed with finite–difference time domain
simulations of the structures of figure 5 shown in the supporting information section (figure
S3). The FDTD results show: (i) strong evidence of the plasmonic edge state through maps
of the electric near-field on the chain of nanorods, specifically at the wavelength correspond-
ing to the single nanorod, and (ii) the evolution of the calculated scattering spectra agrees
well with both the experiment results of figure 5 and is in qualitative agreement with the
model predictions of figure 4(C).
Plasmonic edge states in zigzag chains of nanodisks have been both theoretically predicted
and experimentally observed.19,20 These edge states were found to have a dependence of the
optical response to the number of particles in the chain. This property arises, in part, due to
the mathematical structure of the eigenmode equations (equation (11)). In particular, our
theory predicts that these plasmonic edge states occur for situations where: (i) βS 6= βD,
that is when the unit cell of the periodic structure (e.g. dimer) interacts in a different way
to the next near–neighbour, the case taking place in the zigzag configuration which can be
viewed as a chain of dimers, and (ii) when the number of particles in the chains is odd
(leading to the “zero” eigenvalue), that is, when a finite chain of dimers ends in a defect : a
single particle.
Sinev et al. 20 observed experimentally that the plasmonic localisation switched between
the two ends of the zigzag chains with changes in the polarization of the incident light.
This observation can be easily understood with the result shown in equation (15) (and
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more generally in equation (13)): there are two sets of edge eigenstates of the zigzag chains
of nanodisks that originate from the two–fold degeneracy of the dipolar eigenmodes of an
isolated disk. One of the edge eigenstates stems from the coupling of one kind of degenerate
dipolar eigenmodes (e.g. oriented along axis xˆ) and is characterised by having βD > βS: the
localisation occurs towards the end of the chain. The other edge eigenstate arises from the
coupling of the orthogonal dipole modes (e.g. those oriented along yˆ) leading to βD < βS, for
which the edge–state localisation occurs in the first element of the chain. Thus, by changing
the polarisation of the incident light it is possible to control where the localisation takes
place along the chain by selective excitation of different (albeit degenerate) edge eigenstates.
5 Discussion
In the preceding sections, we have presented a general electrostatic formulation to describe
the collective surface plasmon eigenmodes of periodic structures. One of the key elements of
the formulation is the coupling matrix K and its off–diagonal elements. It is important to note
that these off–diagonal elements describe only near–field interactions which become negligible
for separation distances much larger than the wavelength of light. At larger separation
distances, the metal particles can still interact with each other, but in these cases, the
interaction is mediated by effects such as far–field radiation and diffraction, which have
been shown experimentally to lead to strong modifications to the optical properties of the
nanoparticles.7,42–44 Our electrostatic formulation does not account for these effects in the
description of surface plasmon eigenmodes.
However, the electrostatic formulation can be used for describing these far–field effects
by making explicit consideration of the interaction of the collective eigenmodes with an
incident beam of light of known polarisation. According to the EEM, the interaction of
metallic nanostructures with light is described in terms of electrostatic eigenmodes and their
excitation amplitudes25,27,28 which depend on: (i) the relative alignment between the incident
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electric fields and the eigenmode dipole moments, and (ii) the frequency of the incident field
and that of the polarisability of the electrostatic eigenmode, which can be algebraically
derived to include the effects of radiative damping. Elements of this approach when applied
to periodic structures have been already shown in the work of Davis et al. 45 , but a detailed
treatment will be presented elsewhere.
In our derivations we have made a deliberate emphasis on the finite extent of the pe-
riodic structures under consideration. The reason is that the starting point in our deriva-
tions, namely equation (2) is strictly applicable only in the electrostatic limit (size of the
nanostructures is smaller than the wavelength of light) and it therefore neglects effects of
retardation. (This is evident in the form of the Green’s function that appears under the
surface integral). Previous studies25,46,47 have shown that main effects of neglecting retar-
dation are underestimation of resonance frequencies and spectral linewidths, for which more
appropriate theoretical formalisms, like the Boundary Element method (BEM),48,49 should
be considered (it is worth pointing out that equation (2) is a limiting case of the BEM).
Although numerically not accurate, the formalism presented here offers physical insight and
has a strong predictive power that arises from its simple algebraic structure.
6 Summary
In summary, we have presented a theoretical description of the effects of periodicity on the
surface plasmon eigenmodes of metal nanostructures. We have shown applications of the
formalism in the description of linear chains of nanostructures. In particular, we showed
how the method can describe and provide a set of conditions required for the observation of
plasmonic edge states. We believe that due to the simplicity of this theoretical formulation,
it can serve as a basis for designing complex periodic metal nanostructures for applications
in topological photonics, solar energy harvesting, opto–electronics and photocatalysis.
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7 Methods
Nanofabrication The structures shown in figure 5 were fabricated by means of electron–beam
lithography (Vistec EBPG 5000 plus ES) on glass substrates, using poly(methyl methacry-
late) (Micro-Chem, 950k A4) as a resist for a standard lift–off process, and a sacrificial
chromium layer (20 nm) that provides for charge dissipation during the exposure. The
structures were developed with a 1:3 (by volume) mixture of methyl isobutyl ketone/ iso-
propanol for 90 s, rinsed with isopropanol, and dried with a nitrogen gun. 30 nm of Au
were deposited by electron beam evaporation, using 2 nm of chromium as the adhesion
layer. A subsequent lift off step with acetone produced the nanostructures. Normal inci-
dence images of the resulting structures were obtained by scanning electron microscopy (FEI,
NovaNanoSEM 430).
Micro–spectroscopy The scattering spectra shown in figure 5 were acquired with a Nikon
Ti-U microscope coupled to a Princeton Instrument Isoplane 320 Spectrograph combined
with an EMCCD camera. The light source was a halogen lamp. A polarised TU-2 was
placed before a dark–field (air) condenser and aligned to the long axis of the structures of
figure 5, which were imaged using a 40x objective. The scattering spectra Is were obtained
according to:
Is =
INP − IB
IL − IB ,
where INP is the intensity of the scattered light measured from a metal nanostructure, IB the
residual background scattering from the substrate and IL the spectrum of the light source
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